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Abstract
We prove that, up to isomorphism, for a given positive integer n, there is only one inductively
minimal pair (, Sym(n)) of rank n − 1 that satisﬁes the intersection property. Moreover, we show
that the diagram of  is linear.
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1. Introduction
Inductively minimal pairs (,G) were introduced by Buekenhout in [2]. In [4], Bueken-
hout et al. classiﬁed these inductively minimal pairs. In [3], Buekenhout and Cara proved
several properties of these pairs. In [8], Cara studied truncations of these inductivelyminimal
pairs. Finally, in [9], Cara et al. counted these inductively minimal pairs up to isomorphism.
In [10], Jacobs andLeemans described algorithms to test the intersection property on coset
geometries. Using these algorithms, they checked the intersection property on inductively
minimal geometries up to n = 6. These geometries are available for instance in [5]. They
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are the residually weakly primitive coset geometries of rank n with a connected diagram
for the symmetric groups Sym(n+ 1) (see [5] for the deﬁnitions).
It turned out that for each n6, up to isomorphism, only one inductively minimal geom-
etry satisﬁes the intersection property. It is the one with a linear diagram. In this paper, we
prove that if (,G) is an inductively minimal pair and  satisﬁes the intersection property,
then  is unique up to isomorphism and has the following diagram.
The paper is organised as follows. In Section 2, we recall some deﬁnitions and ﬁx notation.
In Section 3, we prove the result announced in this introduction.
2. Deﬁnitions and notation
We assume knowledge of the basic notions in incidence geometry as they are given for
instance in [7] or [11].
Let (X, ∗, t, I ) be an incidence geometry where X is the set of elements of , ∗ is the
incidence relation, t is the type function and I is the set of types of . Given a type i ∈ I
and a ﬂag F of , we deﬁne the i-shadow i (F ) as the set of elements of type i incident
with F.
We deﬁne the intersection property (IP) as it appears in [1].
(IP) For every type i, the intersection of the i-shadows of an element x and a ﬂag F is either
empty or equal to the i-shadow of a ﬂag incident to x and F. The same holds on the
residues.
As mentioned in [6], this condition is equivalent to the following one.
(IP)′ For every type i, the intersection of the i-shadows of an element x and a ﬂag F is either
empty or equal to the i-shadow of a ﬂag incident to x and F.
Let G be a group of automorphisms of  acting ﬂag-transitively on , that is, G acts
transitively on the chambers of .
As in [4] let (,G) be called minimal if | G | (n + 1)! where n =| I |. Let (,G)
be called inductively minimal if for any connected subset J of I and any ﬂag F of , with
t (F ) = I\J , the pair (F ,GF ), where GF is the group induced on the residue F of the
ﬂag F in  by the stabilizer of F, is minimal.
3. Inductively minimal geometries and the intersection property
Buekenhout et al. show in [4] that a full control can be achieved on inductively minimal
pairs although their number grows with n in a fairly wild way as it is shown in [9].
Note / Journal of Combinatorial Theory, Series A 111 (2005) 327–330 329
Theorem 3.1 (Buekenhout et al. [4]). Let I be a ﬁnite set of n1 elements. Let  be a
ﬁnite, ﬁrm geometry over I with a connected digon diagram and let G be a ﬂag-transitive
automorphism group of . Assume that (,G) is an inductively minimal pair. Then:
1.  is thin and residually connected;
2. G is isomorphic to Sym(n+ 1) and for each i ∈ I such that the residue of an element of
type i has a connected diagram, has n+1 elements of type i on which G acts faithfully;
3. The diagram of  has no minimal circuit of length l > 3;
4. every edge of the diagram is on a unique maximal clique;
5. each vertex of the diagram is either on one or two maximal cliques of the diagram;
6. for any connected diagram as in 3–5, there is, up to isomorphism, one and only one
inductively minimal pair (,G) admitting this diagram.
Lemma 3.1. Let I be a ﬁnite set of n1 elements. Let  be a ﬁnite, ﬁrm geometry over I
with a connected digon diagram and let G be a ﬂag-transitive automorphism group of .
Assume that (,G) is an inductively minimal pair. If the diagram of  is nonlinear, then 
has a residue of rank three over the following diagram.
Proof. This is a direct consequence of 3 and 5 of Theorem 3.1. 
Lemma 3.2. The inductivelyminimal geometryover thediagrammentioned inLemma3.1
does not satisfy (IP).
Proof. This geometry is constructed in the following way. Let I = {1, 2, 3}. We take three
copies X1, X2 and X3 of a set X of four points. The elements of  are X1 ∪X2 ∪X3. The
type t (xi) = i for xi ∈ Xi . An element xi ∈ Xi is incident to an element xj ∈ Xj if and
only if they are distinct as elements of X. Take x2 ∈ X2 and x3 ∈ X3 such that x2 and x3
are the same element of X. Therefore, x2 and x3 are not incident. Since the 1-shadows of x2
and x3 are the elements ofX1 which are distinct from x2 in X, we have 1(x2)∩1(x3) = ∅
and we cannot ﬁnd a ﬂag F ′ incident to both x2 and x3 such that 1(x2)∩1(x3) = 1(F ′).
Therefore,  is not (IP). 
Theorem 3.2. Let I be a ﬁnite set of n1 elements. Let  be a ﬁnite, ﬁrm geometry over
I with a connected digon diagram and let G be a ﬂag-transitive automorphism group of .
Assume that (,G) is an inductively minimal pair satisfying (IP). Then  is unique up to
isomorphism. Moreover, it has a linear diagram.
Proof. By Lemmas 3.1 and 3.2, the only inductively minimal geometry which could satisfy
(IP) is the one with a linear diagram. This geometry is constructed in the following way.
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Elements of type i (with i = 1, . . . , n) are the i-subsets of a setX ofn+1 elements. Incidence
is symmetrized inclusion.By construction, this geometry obviously satisﬁes (IP). Bypoint 6.
of Theorem 3.1, it is unique up to isomorphism. 
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